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Abstrat
Interation of intense laser beam with an inversion symmetri
third order nonlinear medium is modeled as a quarti anharmoni
osillator. A rst order operator solution of the model Hamiltonian
is used to study the possibilities of generation of higher order non-
lassial states. It is found that the higher order squeezed and higher
order antibunhed states an be produed by this interation. It is
also shown that the higher order nonlassial states may appear sep-
arately, i.e. a higher order antibunhed state is not essentially higher
order squeezed state and vie versa.
1 Introdution
A nonlassial state of the eletromagneti eld is one for whih the Glauber-
Sudarshan P-funtion [1℄ is not as well dened as the probability density is [2℄.
To be preise, if P-funtion beomes either negative or more singular than delta
funtion, then we obtain a nonlassial state. The nonlassial states do not
have any lassial analogue. Commonly, standard deviation of an observable
is onsidered to be the most natural measure of quantum utuation [3℄ as-
soiated with that observable and the redution of quantum utuation below
the oherent state level orresponds to a nonlassial state. For example, an
eletromagneti eld is said to be eletrially squeezed eld if unertainties in
the quadrature phase observable X redues below the oherent state level (i.e.
(∆X)
2
< 12 ) and antibunhing is dened as a phenomenon in whih the utua-
tions in photon number redues below the Poisson level (i.e. (∆N)
2
< 〈N〉) [4,
5℄. Standard deviations an also be ombined to form some omplex measures
of nonlassiality, whih may inrease with the inreasing nonlassiality. As
an example, we an note that the total noise of a quantum state whih, is a
measure of the total utuations of the amplitude, inreases with the inreasing
nonlassiality in the system [6℄.
Probably, antibunhing and squeezing are the most popular examples of
nonlassial states and people have shown serious interest on these states sine
1960s. But higher order extension of these nonlassial states are only intro-
dued in late 1980s [7-10℄. Among these higher order nonlassial eets higher
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order squeezing is studied in detail [7, 8, 11, 12℄ but the higher order antibunh-
ing [9℄ is not yet studied rigorously. As a result, still we do not have answers
to ertain fundamental questions like: Whether higher order antibunhing and
higher order squeezing appears simultaneously or not? The present work aims
to provide answers to this question. In order to do so, in setion 2, we have
modeled the interation of an intense laser beam with an inversion symmetri
third order nonlinear medium as a quarti anharmoni osillator. A rst order
operator solution of the model Hamiltonian is also used to provide time evolu-
tion of some useful operators. In setion 3 and 4 we have theoretially studied
the possibilities of generation of the higher order squeezed and higher order
antibunhed states respetively. We have shown that the generation of higher
order squeezed and higher order antibunhed states is possible but they may or
may not appear simultaneously. We nish with some omments and onluding
remarks in setion 5.
2 The model: an intense laser beam interats with a 3rd order
nonlinear medium
An intense eletromagneti eld interating with a dieletri medium indues a
marosopi polarization (
−→
P ) having a general form
−→
P = χ1
−→
E + χ2
−→
E
−→
E + χ3
−→
E
−→
E
−→
E + .... (1)
where
−→
E is the eletri eld and χi is the i − th order suseptibility. Corre-
sponding eletromagneti energy density is given by
Hem =
1
8pi
[
(
−→
E + 4pi
−→
P ).
−→
E +
−→
B.
−→
B
]
(2)
where
−→
B is the magneti eld. Now, if we onsider an inversion symmetri
medium then even order suseptibilities (χ2, χ4 et.) would vanish. Hene the
leading ontribution to the nonlinear polarization in an inversion symmetri
medium omes through the third order suseptibility (χ3). If we neglet the
marosopi magnetization (if any) then the interation energy will be propor-
tional to the 4-th power of the eletri eld. Normal mode expansion of the
eld ensures that the eletri eld operator Ex for x-th mode is proportional to
(ax + a
†
x) and the free eld Hamiltonian is
H0 =
∑
x
ωx(a
†
xax +
1
2
) (3)
where we have hosen h¯ = 1.
Thus the total Hamiltonian of a physial system in whih a single mode of
intense eletromagneti eld having unit frequeny interats with a 3rd order
nonlinear non-absorbing medium is
H = (a†a+ 12 ) +
λ
16 (a
† + a)4
= X
2
2 +
X˙2
2 +
λ
4X
4 (4)
2
with
X =
1√
2
(a† + a) (5)
and
X˙ = − i√
2
(a† − a). (6)
The parameter λ is the oupling onstant and is a funtion of χ3. Here we
an note that the silia rystals whih are used to onstrut optial bers are
example of third order nonlinear medium. So third order nonlinear medium
desribed by the Hamiltonian (4) is also important from the point of view of
appliability.
The above Hamiltonian (4) represents a quarti anharmoni osillator of unit
mass and unit frequeny. The equation of motion orresponding to (4) is
X¨ +X + λX3 = 0 (7)
whih an not be solved exatly. But in the interation piture the potential VI
and the time evolution operator UI orresponding to (4) are respetively
VI(t) = exp(ia
†at)λ(a+ a†)4 exp(−ia†at) = λ(a exp(−it) + a† exp(it))4 (8)
and
UI(t) = 1− i
∫ t
0
VI(t1)dt1 + (−i)2
∫ t
0
VI(t1)dt1
∫ t1
0
VI(t2)dt2 + ..... . (9)
Now if we assume ∫ t
0
VI(t1)dt1
∫ t1
0
VI(t2)dt2 ≪ 1 (10)
then we an neglet higher order terms and ( 9) redues to
UI(t) = 1− i
∫ t
0
VI(t1)dt1 = 1− i
∫ t
0
λ(a exp(−it1) + a† exp(it1))4dt1 (11)
Thus the rst order expression for time evolution of annihilation operator is
aI(t) = U
†
I (t)a(0)U
†
I (t) = a− iλ8
[
6ta+ 6ta†a2 + 6 exp(it) sin ta†2a− exp(2it) sin(2t)a†3
+ 6 exp(it) sin ta† + 2 exp(−it) sin ta3] .
(12)
The derivation of this rst order expression (for a more generalized Hamiltonian)
is shown in detail in [13, 14℄. Here we would like to note that the annihilation
operator in the Heisenberg piture aH and that in the interation piture aI are
related by aH = exp(−it)aI(t) and our solution (12) is valid only when (10) is
satised. Physially this ondition implies that the anharmoni term present in
(4) provides only a small perturbation. This assumption is justied beause in
a third order nonlinear medium the anharmoni onstant λ, whih is a funtion
of χ3, is very small (i.e λ≪ 1) [14℄.
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3 Higher order squeezing
Higher order squeezing is dened in various ways. The denition whih we have
used in this work is by Hillery [11℄. This denition is dierent from that of Hong
and Mandel [7℄. Present denition is also alled amplitude squared squeezing.
Aording to this denition of higher order squeezing, higher order quadrature
variables are dened as
Y1 =
1√
2
(a†2 + a2) (13)
and
Y2 =
i√
2
(a†2 − a2) (14)
From the ommutation relation [Y1′Y2] = i(4N + 2) it is easy to onlude that
a state is squeezed in Y1 variable if
(△Y1)2 < 〈2N + 1〉 (15)
or if,
f = (△Y1)2 − 〈2N + 1〉 < 0 (16)
A strenuous but straight forward operator algebra yields
∆Y 21 = 〈Y 21 〉 − 〈Y1〉2 =
[
2|α|2 + 1− λ4
[
4|α|2 (2|α|2 + 3) sin t sin(2θ − t)− 12|α|4t sin(4θ)
+ 3
(
2|α|4 + 4|α|2 + 1) sin2 2t− 12|α|2 (2|α|2 + 3) sin t sin(2θ + t)
− 2|α|4 sin 2t sin (2(2θ − 2t))]]
(17)
where α = |α| exp(iθ) is used. Here we would like to note that sine we are
working in interation piture we have to take all the expetation values with
respet to the initial oherent state |α〉 whih is dened as a|α〉 = α|α〉. By
taking the expetation value of N(t) = a†(t)a(t) we obtain
〈N(t)〉 = |α|2−λ
4
[
2|α|2 (2|α|2 + 3) sin t sin(2θ − t)− |α|4 sin 2t sin (2(2θ − 2t))] .
(18)
Substituting (17) and (18) in (16) we obtain a losed form analyti expression
for f as
f = − 3λ4
[−4|α|2(2|α|2 + 3) sin t sin(t+ 2θ)− 4|α|4t sin(4θ)
+ (2|α|4 + 4|α|2 + 1) sin2(2t)] (19)
From (19) we an observe that f osillates between positive and negative values
depending upon the phase of the input oherent light θ and the interation time
t. Both of these parameters an be tuned to produe higher order squeezed
state and to inrease the depth of nolassiality by inreasing the negativity of
f . If we onsider θ = pi2 then (19) redues to
f = −3λ
4
[
4|α|2(2|α|2 + 3) sin2 t+ (2|α|4 + 4|α|2 + 1) sin2(2t)] (20)
whih is always negative and thus we always have higher order squeezing.
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4 Higher order antibunhing of photons
As we have already mentioned the higher order antibunhing [9℄ is not yet
studied rigorously. Using the negativity of P funtion [1℄, Lee introdued the
riterion for HOA as
R(l,m) =
〈
N
(l+1)
x
〉〈
N
(m−1)
x
〉
〈
N
(l)
x
〉〈
N
(m)
x
〉 − 1 < 0, (21)
where N is the usual number operator, N (i) = N(N − 1)...(N − i+1) is the ith
fatorial moment of number operator, 〈〉 denotes the quantum average, l and
m are integers satisfying the onditions l ≤ m ≤ 1 and the subsript x denotes
a partiular mode. Ba An [15℄ hoose m = 1 and redued the riterion of lth
order antibunhing to
Ax,l =
〈
N
(l+1)
x
〉
〈
N
(l)
x
〉
〈Nx〉
− 1 < 0 (22)
or, 〈
N (l+1)x
〉
<
〈
N (l)x
〉
〈Nx〉 . (23)
Physially, a state whih is antibunhed in lth order has to be antibunhed in
(l − 1)th order. Therefore, we an further simplify (23) as
〈
N (l+1)x
〉
<
〈
N (l)x
〉
〈Nx〉 <
〈
N (l−1)x
〉
〈Nx〉2 <
〈
N (l−2)x
〉
〈Nx〉3 < ... < 〈Nx〉l+1
(24)
and obtain the ondition for l− th order antibunhing as
d(l) =
〈
N (l+1)x
〉
− 〈Nx〉l+1 < 0. (25)
This simplied riterion (25) oinides exatly with the physial riterion of
HOA introdued by Pathak and Garia [16℄.
By using (12) and the ondition for higher order antibunhing (25), it is easy
to derive that for a third order non-linear medium having inversion symmetry,
we have
d(1) =
3λ|α|2
4
[
2
(
2|α|2 + 1) sin(t− 2θ) sin(t) + |α|2 sin (2(t− 2θ)) sin(2t)] ,
(26)
d(2) =
3λ|α|4
2
[sin(t− 2θ) sin(t) + sin (2(t− 2θ)) sin(2t)] (27)
and
d(3) =
3λ|α|4
4
sin (2(t− 2θ)) sin(2t). (28)
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Antibunhing of fourth or higher order an not be observed with a rst order
solution of the model Hamiltonian. In order to study the possibilities of their
ourrene we have to use higher order operator solutions of (7).
Equations (26-28) oinides exatly with our reent result [16℄ whih was
reported as a speial ase of a generalized Hamiltonian. Here we an observe
that if we hoose interation time t = 2θ then d = 0. Therefore, we an observe
higher order oherene. But for θ = 0 or θ = npi, (i.e. when input is real)
d is a sum of square terms only. So d is always positive and we have higher
order bunhing of photons. For other values of phase (θ) of input radiation
eld, value of d osillates from positive to negative, so we an observe higher
order bunhing, anti-bunhing or oherene in the output depending upon the
interation time t.
5 Summary and onluding remarks
From (20) we know that for θ = pi2 we always obtain higher order squeezed state.
But for θ = pi2 , (27) and (28) redues to
d(2) =
3λ|α|4
2
[− sin2(t) + sin2(2t)] (29)
and
d(3) =
3λ|α|4
4
sin2(2t). (30)
respetively. Here we an see that d(3) is always positive for this partiular
hoie of θ, and therefore, third order antibunhing will not appear simulta-
neously with the amplitude squared squeezing. On the other hand d(2) os-
illates between positive (higher order bunhing) and negative (higher order
antibunhing) values. Thus we an onlude that neither seond and third or-
der antibunhing appears simultaneously nor the higher order squeezing appears
simultaneously with the higher order antibunhing. Alternatively, we an state
that, in general higher order nonlassial eets may appear separately. The
possibility of their appearane may be tuned by tuning the phase (θ) of the
input oherent state and interation time (t).
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